
 

MATH 5061 Lecture 12 Apr 7

Important Take home final 4 28 2 30PM 515 2 30PM
A

Last Problem Set posted due on 4 21

Last week conjugatepts minimizing properties of geodesics

conjugate pt happens when dlexpp is singular at that pt

completeness of Riem mfd

Hopf Rihow geodesic completeness metric completeness
in

cry dcpq M g dcp int LG M d
rp g

r 4 7 expp Tpm M is well defined on the entireTpm
a

I
p r Any p q E M can be connectedby a minimizing

geodesic in CM g

Recall that a central question in Riem Geometry is

Given a complete CM g how does the curvature s

reflect the topology of M E.g Gauss Bonnet

one example is SyngeThm MFG Cptorientable K o T M o

Today Bonnet Myers Thm Cartan Hadamard Thm



Bonnet Myers Thm

et M g be a complete Riem manifold

Suppose I r 20 Sit V p E M V V CTpm where 11W11 1

Ricin
Li am.ae of sin

THEN M is compact and

supldap.gl diamCMnig s
c diam87M

Pagers

Hence Ti M is finite

Remark SY Cheng proved the rigidity case
isometric

MaximalDiameter Thm diam M Tir Mig E Ehr Ground

Proof of BonnetMyers

Idea Use 2nd variation of geodesics to establish diameter bound

Take arbitrarypoints P of E M By Hopf Rinow I mining
geodesic 8 o I CM g ss.tt y qmum

Tco p VCI f L V dcp q e f M

Claim I E Tir diam lm g l E Tir

PNof Argueby contradiction Suppose NOT ie l Tir

minimizing E fo z o f variation of 8
t



Fix a parallel ON B fT e th enice along 8

Define Vitt sin Tt EiCt for i l n 1

Note Vico Vi I O end ptAxing variations VI
2ndvariation
of energy EIco fo't s Vi Vi CR 8 Vi 8 Ui dt
art Tig

f L Vi t Rcr Vi 8 Vi It

1
sin'Tt T2 l Kyu spanleic4,8 dt

2 byassumptionSumming i i n 1

EE Ei co Sit since en na l Rima.at

rteI1JdtEfo1sm4tfcn
ii u cu c It so

30 so by c

Thus E Lo L 0 for SOME i contradicts C 1

By Hopf Rehow drainCM.gl E Tr t complete M Cpt
c

To prove Tim is finite consider its universal cover
team FCpl

Ti O e us

I µ
M Fg CMTE's Rica diamcm.si stir

deck NTgott d F IM
a Mig Ric 3 Tim finite
P

D



Cartan Hadamard Thur Let LM g be a completeRiem mfd

Suppose M has non positive sectional curvature ie

KMS 0
THEN expp Tpm M is a covering map V PE M

Hence if Tim o then M twTpM IR
Tpmrum

y.pe
Pp

SketchofProof Idea Jacobi field estimates CMg
KEO

Step 1 I conjugatepts on ANY geodesic in M
Hopf

Since M g is complete expp Tpm M is defined

Let 8 Co CM g be a geodesic with 8107 p
normal

Ct r
Suppose t is a Jacobi field on 8

µgT
T T

St UW O Vico I 0
yes

p Claim t to V t E Lo N

Pf Consider the function f t Il Ult Il

f't 2L VH1 V't s
f t 2 vice V t t 2 VH1 VH1

2 Vtt V t 2 VH1 RCT'tVH1 Ht

Hence f t 2 o f t c Co co E 0 by KEO
Yan ft flo 11Uco112 0

f o 2 Uco Vico 7 0

y
Y t

doesnot hit 2h0 fico 2HUCo If 20again
s t



Step 2 expp Tpm M is a covering map Cwrt somemetre

ByStep 1 dcexpp is non singular F V CTpm

Ep Expp Tpm M is a local diffeo

expp Tpm exp g CMg local isometry
hence is a coveringmap

So if M is simply connected since TlTpm 0 then expp

must be a diffeomorphism
D

Space Forms

There are 3 model geometries in 20
1

KII KIO
Spherical Euclidean Hyperbolic

Ground 1B Sfcat 1H 9nyp

i Poincare
i i diskmodel1 i

i i

Id t
BR T Dx s 2g S32

Q Can we classify the model geometries in higher
theconstantcurvaturespacesdimensions

Cartan Theorem Sin IR IH are the only simplyconnected

complete Riem h manifolds with constant sectional curvatures



The key idea to the proof is a lemma due to Cartan Ambrose
which says that the Riem curvature tensor R determines the

de
Riem metric g locally g mus R

or
go

Notation for Carlan Ambrose lemma i

nM 8 I complete Riem mfd of same dim n

NT F
Fix p E M FCNT and a linear isometry i Tpm tpm

Tpm Sp TFFSp
E exppca

expp1cg I 7o7 linear 0
0 isometry

j exppexpp5 fJdexpp
o v o

ftp.eppcicexpicaD
v f

imig
Cmng

Let U E M be a abd of p in N se the geodesic normal
centeredatp

coordinate system is well defined in

Defee f V NT by f q exppo Io expCq

Let 7 EO t M begeodesic from p to q paralleltransports
along V J

F o t M begeodesic fro'm F to yg
Define 44 Tqm Tgrt by 4elv PI o E o Ricu



Cartan Ambrose Lemmas Under the notations above

If t of E V V X c y cu cu CTQMg

R x Yiu v Rn 4th 47cg cu u

THEN f i 5 U is a local isometry

Sketch of proof fix ofe v and let 8 Coil M pb al

Fix V ETQM By the choice of V q is NII conjugate to p
7 Jacobi field Ct along Vct at Uco o Vce V

y
Choose a parallel O N B fe e'n1 along V at en 8

White Ict II LjCt EjCt
Jacobi eqI Lj t IZ RCen ei en e di O to 5 1 n

Define Ct lot Tht V te Coil

GCt lot eject O N B parallel along

Note Ect Ii get ETCt
By hypothesis RCen ei en e RTET ETET ET

Lj t EE RCen ei en e di o to 5 1 n

So t is a Jacobi field along 5 with Co o



Since Pe PI are isometries we have 11 cel 11 1106111

Finally one checks that e dfg v ie dfq is isometry
Ex I

D


